In this paper, we study a general second order differential equation with superlinear nonlinearity. We obtain ground state and geometrically distinct periodic solutions of this equation by a generalized Nehari manifold approach. In particular, our result extends some existing ones. MSC: 32G34; 34C25
Introduction and main result
In the past decades, many authors have studied the autonomous equation
x (t) -a(t) + g(x) = , t ∈ R, x() = x(T), x () = x (T), T > , (.)
where a(t) ∈ C(R, R) and x(t) ∈ C  (R, R). For example, many authors have obtained the existence and multiplicity of periodic solutions by various methods, such as a generalized form of the Poincaré-Birkhoff theorem, critical point theory, phase-plane analysis combined with shooting methods or fixed point theorems of planar homeomorphisms, and continuation methods based on degree theory; see [-] and the references therein. Some authors [, ] have obtained the existence of infinitely many periodic and subharmonic solutions of (.) by using the Poincaré-Birkhoff theorem or Moser's twist theorem [] . By using the coincidence degree theory of Mawhin [] , some authors [-] have obtained the existence of at least one positive periodic solution for the following nonautonomous equation:
x (t) -a(t) + g(t, x) = , t ∈ R, x() = x(T), x () = x (T), T > , (.)
where g satisfies some strong force condition near x = . If a(t) ≡ , then (.) becomes
x (t) + g(t, x) = , t ∈ R, x() = x(T), x () = x (T), T > . (.)
Torres [] has proved (.) with g(t, x) = -f (t, x) having one positive or negative solution.
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However, in some cases in mathematical physics, the global nonnegative of a(t) (i.e., a(t) ≥ , ∀t ∈ R) is not satisfied, thus it is necessary for us to study the case that a(t) is not uniformly nonnegative for all t ∈ R. Therefore, we shall study the existence of infinitely many T-periodic solutions of the following general second order differential equation:
x (t) -a(t)x(t) + g(t, x) = , t ∈ R, x() = x(T),
x () = x (T), T > . (.)
Here, we need not assume that g ∈ L  (R, R).
We are interested in the following case:
(V  ) a(t) ∈ C(R, R) is T-periodic and  belongs to a spectral gap of D, D := -
(t).
Let G(t, x) := x  g(t, s) ds, we assume that g satisfies the following assumptions:
where E + and E -are the positive and negative spectral subspaces of D in E, respectively. The corresponding functional of (.) is
The following set has been introduced by Pankov [] :
By definition, M contains all nontrivial critical points of . First, we consider ground state T-periodic solutions of (.), that is, solutions corresponding to the least energy of the action functional of (.):
Remark . By the Schauder fixed point theorem, Esmailzadeh and Nakhaie-Jazar [] obtained a periodic solution for the Mathieu-Duffing type equation
But it does not exclude the trivial solution, which always exists. Obviously, the nonlinearity g(t, x) = c  x  with c  >  satisfies (G  )-(G  ), thus our Theorem . implies (.) admits a ground state  -periodic solution if  belongs to a spectral gap of - Now, we consider the multiplicity of solutions of (.). For k ∈ Z and x ∈ E, let x(· -k) ∈ E be defined by x(· -k) := x(t -kT). We note that if x is a solution of (.), then so are all elements of the orbit of x under the action of The rest of our paper is organized as follows. In Section , we establish the variational framework associated with (.), and we also give some preliminary lemmas, which are useful in the proofs of our results, and then we give the detailed proofs of our Theorems . and ..
Variational frameworks and preliminary lemmas
Throughout this paper we denote by · L q the usual L q ([, T], R) norm and C for generic constants.
under the usual norm and the corresponding inner product defined by
Thus E is a Hilbert space. We will seek solutions of (.) as critical points of the functional associated with (.) and given by
and the derivatives are given by In what follows, we always assume that (V  ) and (G  )-(G  ) are satisfied. Obviously, (G  ) and (G  ) imply that for each ε >  there is C ε >  such that
By (V  ), we have the decomposition E = E -⊕ E + , where E + and E -are the positive and negative spectral subspaces of D in E, respectively. Let
Obviously, the quadratic part of , Q(x) is positive on E + and negative on E -. Moreover, we may define an new inner product (·, ·) on E with corresponding norm · such that
Therefore, can be rewritten as
. We define for x ∈ E \ E -the following subspaces of E:
and the convex subset
Proof of Theorem 1.1
Proof This follows immediately from (G  ) and (G  ).
Lemma . ([]) Let x, y, s ∈ R be numbers with s ≥ - and q
:= sx + y = . Then g(t, x) s s  +  x + (s + )y + G(t, x) -G(t, q + x) < . Lemma . If x ∈ M, then (x + q) < (x) for any q ∈ H := {sx + y : s ≥ -, y ∈ E -}, q = .
Hence x is the unique global maximum of |Ê (x) .
Proof We rewrite by
Since (x) = , we have
which together with q = sx + y, Q(y, y) ≤  and Lemma . implies that
So the proof is finished.
Lemma . The following statements hold true:
by (.), hence the second inequality follows if α >  is sufficiently small. Second, since for every x ∈ M, there is s >  such that sx + ∈Ê(x) ∩ S α . Therefore, by virtue of Lemma ., (x) ≥ (sx + ) ≥ inf S α (x) and the first inequality follows.
from which the conclusion follows.
Proof Without loss of generality, we may assume that x =  for every x ∈ V. Suppose by contradiction that there exist x j ∈ V and q j ∈ E(x j ), j ∈ N, such that (q j ) >  for all j and q j → ∞ as j → ∞. Passing to a subsequence, we may assume that
follows from (G  ) and the Fatou lemma that
which contradicts (.).
Lemma . For each x / ∈ E -, the set M ∩Ê(x) consists of precisely one pointm(x) which is the unique global maximum of |Ê (x) .
Proof By Lemma ., it suffices to show that M ∩Ê(x) = ∅. SinceÊ(x) =Ê(x + ), we may
It is easy to see that is weakly upper semicontinuous onÊ(x), therefore, (
Proof Arguing by contradiction, suppose there exists a sequence {x j } ⊂ M such that
Then it follows from (.) that
. Hence, by Lemma ., we obtain
it follows again from (G  ) and the Fatou lemma that
Hence we have
which is a contradiction. This contradiction establishes the lemma.
Lemma . The mapm :
Proof Let x ∈ E + \ {}, it suffices to show that for any sequence {x
we havem(x j ) →m(x) for some subsequence.
Without loss of generality, we may assume that 
which together with Fatou's lemma and the weak lower semicontinuity of the norm implies that Lemma .ˆ ∈ C  (E + \ {}, R), and
Proof For w ∈ E + \ {}, we put x :=m(w) ∈ M, so we have x =
Choose δ >  such that w l := w + lz ∈ E + \ {} for |l| < δ, and put x l :=m(w l ) ∈ M. We may write
, and the function (-δ, δ) → R, l → s l , is continuous by Lemma ..
Note that x + = s  w, which together with Lemma . and the mean value theorem implies
where τ l ∈ (, ). Note that x + l = s l w l . Similarly, we havê
where η l ∈ (, ). Therefore, combining (.) and (.), we conclude that
Hence, ∂ zˆ (w) is linear (and continuous) in z and depends continuously on w. So the assertion follows from Proposition . in [] . http://www.advancesindifferenceequations.com/content/2014/1/139
Next we consider the unit sphere
We note that the restriction of the mapm to S + has an inverse given by
We also consider the restriction : S + → R ofˆ to S + . and (x j ), x j = , we have ∇ (x j ) ∈ T w j S + and using (a), we also have the following relation: The proof of (c) is similar to that of (b) and is omitted. then by (.), the Hölder's inequality, and Sobolev's imbedding theorem, we have
Lemma . The following statements hold true: (a)
Therefore, (x j ) + → , which contradicts Lemma .(b). This contradiction shows that
, so x j x =  and (x) = . Particularly, we see that x ∈ M, which yields (x) ≥ c.
On the other hand, by Lemma ., the Fatou lemma and the boundedness of {x j }, we get
which implies that (x) ≤ c. Therefore, we conclude that (x) = c.
Proof of Theorem 1.2
In order to prove Theorem ., we still need the following lemmas. In what follows, we always assume that (V  ), (G  )-(G  ) and the nonlinearity g(t, x) is odd in x with x ∈ R are satisfied.
Lemma . The mapm defined in (.) is Lipschitz continuous.
Proof For x, y ∈ M, we have, by Lemma .(b),
The proof is completed. To continue the proof, we need the following notation. For d ≥ e ≥ c we put
Note that ν(d) < ∞ for every d due to Lemma .. We may choose a subset F of K such that F = -F and each orbit O(w) ⊂ K has a unique representative in F . By Remark ., it suffices to show that the set F is infinite. Suppose to the contrary that
After passing to a subsequence, we have v j = v ∈ F , w j = w ∈ F and either m j = m ∈ Z for almost all j or |m j | → ∞. If the first case holds, we have
If the second case holds, we have
where v =  due to the definitions of K and S + . Therefore, this lemma is proven. 
Note that {q j } and {w j } are bounded Palais-Smale sequences for , it follows from (.),
Hölder's inequality, and Sobolev's inequality that
for all j ≥ J ε , where ε >  is arbitrary, C ε , D ε , J ε , and C  do not depend on the choice of ε. Therefore, by (.) and (.), we have (q
it follows from Lemma . that
Since {q j } and {w j } are bounded, we may pass to a subsequence such that
, thus by (.), q + = w + , thus q = w. We first consider the case where q =  and w = , so that q, w ∈ M and
Then by (.), the definition of d and the weak lower semicontinuity of the norm, we
where
and
. Since x = y = , an elementary geometric argument and the inequalities above imply that
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where κ is defined in Lemma .. It remains to consider the case where either q =  or w = . If w = , then q = , and
.
The case q =  is treated similarly. The proof is finished. 
and T -(w) < , T + (w) >  are the maximal existence times of the trajectory t → η(t, w) in negative and positive direction. Note that is strictly decreasing along trajectories of η. For deformation type arguments, the following lemma is crucial.
Lemma . For every w ∈ S + the limit lim t→T + (w) η(t, w) exists and is a critical point of .
Proof Fix w ∈ S + and put d := (w).
, by (.), (.), and Lemma .(c), we have
Since T + (w) < ∞, this implies that lim t→T + (w) η(t, w) exists and then it must be a critical point of (otherwise the trajectory t → η(t, w) could be continued beyond T + (w)). Therefore, (.) implies that there is an infinite sequence (±w k ) of pairs of geometrically distinct critical points of with (w k ) = c k , which contradicts (.). The proof is finished.
